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Abstract — This paper describes an effective way to estimate
state variables, such as motor speed and disturbance from a
low resolution encoder at low speed by using the dualsampling-rate observer. The dual-sampling-rate observer
estimates the state variables at every DSP control period and
correct the estimation error at the instant that the
measurement signal is detected. A novel pole assignment
method, which considers the relation of the estimation and
error correction periods, is proposed to maintain the
stability for long error correcting period. Moreover, the
dual-sampling-rate observer can be applied for higher order
systems since it is generalized in state space. The
effectiveness of the observer is verified through various
simulations and experiments. Furthermore, it briefly
describes recent theoretical extension for treating dead-time
in the state estimation.
Keywords — Dead time, digital observer, estimation,
stability, variable sampling rates.

I. INTRODUCTION
Low-resolution encoders are widely used for traction
systems such as rolling stocks, electric vehicles, etc. For
example, pulse generators used as speed sensors in
Japanese commuter trains have only 60 pulses per
revolution (ppr). The accuracy remarkably degrades at
low speed, where the encoder pulses cannot be detected at
every control period. The conventional method to obtain
the speed is called the numerical difference method. This
method is implemented by measuring the change in angle
by counting the pulses produced in a counting period and
dividing by the counting period. The resolution will be
very coarse in case of a small pulse counting period.
Hence, this method is not applicable to a low-resolution
encoder of which the pulses are not frequently produced.
An alternative way to raise the resolution is to count the
time interval between two consecutive pulses [1]. The
resolution at low speed is improved, since the interval
between two consecutive pulses is relatively long.
Conversely, this method has a limitation at high speed.
Even though the resolution at low speed is raised, the
time delay is unavoidable, since the calculated speed is
the average value of the previous interval. Combination
of these methods is proposed by Ohmae et al. [2]. This
method maintains the resolution by combining the

advantages of each method. However, the problem of
time delay is still unavoidable.
To avoid this problem, it is necessary to estimate the
speed between two consecutive pulses. A powerful
method to grasp the speed between the encoder pulses is
the “instantaneous speed observer” [3].[6]. It is a specific
discrete-time observer estimating or predicting the speed
based on the plant model, which is the mechanical
dynamics of a motor, at every control period and
correcting the error of estimation when the next pulse is
detected. It has been recently applied in the field of
traction control of an electric vehicle [5] and rolling stock
control [7]-[9]. One of the difficulties in traction control
is that it deals with a wide range of speeds. The observer
gains were tuned by simply considering only the relation
of pole locations on s- and z-planes [4], [8]-[10]. As a
result, the system can operate stably in a wide range of
speed except at extremely low speed, where pulses cannot
be detected frequently. Improvement of the speed
estimation can be done by careful consideration of the
pulse detection timing [6]. However, the stability issue of
the observer is not clarified.
The instantaneous speed observer can be categorized as
a multirate sampling observer, since the error-correction
period is longer than the estimation period. The multirate
sampling theory [11]-[13] has been applied in industrial
application such as position control of hard disk drive

Fig. 1. Timing diagram of the dual-sampling-rate
observer when the period between two consecutive
pulse is larger.

[14] where the sampling period of plant output is
restricted to be relatively longer than the control period of
plant input. This method, however, deals with a constant
ratio of sampling times. It is different from the
instantaneous speed observer where the error correction
period varies with the motor speed.
In order to analyze the instantaneous speed of the
observer [15], the concept of multirate sampling theory
[11]-[14] is applied by taking into account the variation
of the ratio of the sampling periods. The stability in ultralow-speed range can be maintained by careful
consideration of the relation of estimation- and error
correction period. Gain calculation, however, is quite
complicated since it needs gain recalculation to stabilize
the observer in ultra low speed range.
The observers mentioned in [3]-[9], [15] are the
predicting observers, which used the detected output of
the previous sampling instant to correct the estimation
error. The observer that uses the current detected output
to correct the estimation error is defined as the current
observer [16]. By rearranging the instantaneous speed of
the observer based on the current observer; the authors
found out a more simple gain calculation that still
maintains the performance of the observer[17].
In this paper, the instantaneous speed observer in state
space is generalized. Since it has two sampling periods:
error correction period T 1 and the estimation period
T 2 it can be defined as “dual-sampling-rate observer.”
Its principle is introduced in Section II. Derivation and
pole assignment of the predicting Dual-sampling-rate
observer is reviewed in Section III. The effectiveness of
Table 1 Nomenclature

the observers is verified through various simulations and
experiments in Section IV. Furthermore, the observer is
extended to estimate stably the state variables of an
asymptotically stable plant which has considerable dead
time in an output signal path in Section V based on the
predictive dual-rate sampling observer.
II. PRINCIPLE OF THE DUAL-SAMPLING-RATE OBSERVER
The principle of the dual-sampling-rate observer is to
predict the state variables at every sampling time based
on the angle when the pulse is detected and correct the
error when the next encoder pulse is detected. Fig. 1
shows a timing diagram of the output of an incremental
encoder and the angle detected by the dual-sampling-rate
observer. T 1 _ actual , T 1 , and T 2 denote the actual
interval between two consecutive pulses, the interval
between two consecutive pulses read by the DSP and the
control period, respectively. Bold arrows stand for pulses
generated by the encoder. It is seen from the figure that
the incremental encoder output angle is instantaneously
updated when a pulse is detected. This signal is, however,
read at the next sampling instant. Therefore, there occurs
unavoidable delay. This signal is held for one control
period and then reset to zero based on the principle of the
observer.
Next, let us consider the case when the motor starts
acceleration. The encoder generates the pulses more
frequently when the interval between two consecutive
pulses that the DSP reads becomes smaller than the
control period the pulses can be detected at every control
period. In this case, T 1 is equal to T 2 . As a result, the
dual-sampling-rate observer predicts and corrects the
error at every sampling instant. Therefore, we can
conclude that the dual-sampling-rate observer becomes an

Fig. 2. Timing diagram of the dual-sampling-rate observer
when the period between two consecutive pulse is larger.

ordinary discrete-time observer when the interval between
two consecutive pulses is smaller than the control period.
The dual-sampling-rate observer can be separated into
two types according to the structure: the predicting type
that uses the encoder pulse, i.e., the measurement signal,
to correct the next state, and the current type, that uses the
current measurement signal to correct the current state.
The signal and block diagrams of the predicting type are
shown in Fig. 2. The variables x , u , and y denote the
estimated or corrected state, the input and the
*
measurement vectors, respectively. A 2 , B2 , C 2 , L 2p
denote the matrices in discrete-time domain sampled by
T 2 . The subscript 2 indicates that the constant control
period T 2 is used as the sampling time. The subscript p
denotes predicting type.
III. PREDICTING DUAL-SAMPLING-RATE OBSERVER
A. Derivation
According to Fig. 1, the sampling instant [m, n] is
defined by
t =m T 1 [m ]n T 2 =[m , n ]

(1)
where [m ] , m , and n denote the shaft angle, the
index number of the pulses, and the sampling instant the
counting of which starts when a pulse is detected and
reset when the next pulse is detected, respectively. The
value of n is between 0 and N , where N denotes last
sampling instant. The relationship between the sampling
indices m and n can be concluded as
[m , N ]=[m1,0] .

(2)

{

*
x [ n1]= A 2 x [ n] B 2 u [n] L2p  y[ n] – C 2 x [ n] , n=0
A 2 x [n]B 2 u [ n] , n=1,2,... , N−1

(3)
Other symbols are explained in Table 1. It is also
convenient to define an interval between two consecutive
pulses as a "sampling frame". Thus, (2) implies that the
N-th sampling instant of the current sampling frame is the
zeroth sampling instant of the next sampling frame and m
is the index number of the sampling frame.
According to the signal diagram in Fig. 2, when an
encoder pulse is detected, the error of estimation is
corrected.
On the other hand, when pulses are not detected, the
observer principally works as a simulator, predicting the
state variables based on the plant model as shown in (3) at
the bottom of the page, where A 2 , B2 , C 2 ,
*
and
L 2p denote matrices in discrete time domain
sampled by T2. The subscript 2 indicates that the constant
control period T2 is used as the sampling time. It is very
important to note that the disturbance is included in the
state vector for accurate estimation. The block diagram of
the predicting dual-sampling-rate observer is shown in

Fig. 2(b). Rearranging (3) based on the sampling instant
n=0 , the state variable can be expressed as
x [ n ]= An2 x [ 0 ] An−1
B 2 u[ 0 ] An−2
B 2 u [1 ]
2
2
. (4)
0
... A 2 B 2 u [n−1]
B. Pole Assignment
Pole assignment is achieved by a consideration of the
error dynamics of the observer. To do this, it is necessary
to rearrange the state vector of the plant in terms of the
last-sampling-instant state vector of the previous sampling
frame as
N
N −1 *
e [m 1 ]= A 2 – A 2 L 2p C 2 e [m ]
(5)
At the instant when the next pulse is detected, i.e.,
n=N , subtracting (5) from (4) and using the relation (2),
the error of estimation e of a sampling frame can be
expressed as
N
N−1 *
. e [m 1 ]= A 2 − A 2 L 2p C 2 e [m]
(6)
Consequently, the observer gains are obtained by
placing the poles in the unit circle and solving the
equation
q

∏  x− z i =∣z I − A2N−1  A 2− L *2p C 2 ∣
i =1

(7)

where size z i and q denotes the i-th pole on z-plane
and the number of poles, respectively.
Equation (7) is very useful in pole assignment as it
guarantees that the actual pole of the observer is placed as
shown in Fig. 3(c) and (d). This maintains the stability of
the system as shown in Fig. 3(a) and (b). An example
when (7) is not used in pole placement is shown in Fig. 4.
The observer gain is calculated by fixing the pole on splane and transform to z-plane by using T 1 as the
sampling time. It is seen that an actual pole of the
observer moves outward the unit circle, even though the
poles moves inside the unit circle in the design. As a
result, the control system cannot operate stably.
C. Comparison to the Conventional Method
T 1 is defined as the period between two consecutive

pulses detected by the observer, so it is variable. When
dealing with a variable-sampling-time system, the
controller and the observer are conventionally designed
by using T 1 as the sampling times.
The conventional predicting observer equation is
described by
x [ m1]= A 1 x [m ] B 1 u [m ] L1p  y [m ]−C 1 x [ m]
(8)
T
Note that subscript 1 indicates that 1 is used as a
sampling time. The observer gain is conventionally
obtained as
q

∏  x− x i =∣z I − A 1− L1p C 1∣
i =1

(9)

Using the fact that A 2N = A1 and C 2=C 1 , and
comparing (9) and (7), the relation of the observer gain
matrices of the dual sampling-rate observer and the

discrete-time observer, where T 1 is the sampling time
given by
L *2p= A2N −1 −1 L1p

(10)

N −1

where A 2
is always nonsingular. By this fact, it is
possible to calculate the observer gain of the dualsampling-rate observer by the conventional method and
then converting by (10) to stabilize the predicting dualsampling-rate observer.
D. Gain Calculating Procedure
The gains of the observers can be simply calculated by
consideration of the relationship of the observer gain
matrices in (10). The gain calculating procedure is
concluded as follows in two steps.
Step1: Placing the poles and calculating the observer gain
matrix L 1p by the conventional method.
Step2: Using the relationship in (10) to calculate the
accurate observer gain matrix of the dual-sampling rate
observer L *2p .
*
The observer gain matrix of the predicting type L 2p
varies according to N , which is the number of the
inter-sampling, or the ratio of T 1 to T 2 . In practice, we
can easily apply this gain tuning by off-line calculation
and storing the calculated gain matrix in a look-up table.
In the current-type dual-sampling rate observer
described in [17], the gain calculation is substantially
simplified: Step 2 can be omitted for the current type, in
practice, since the gains are identical. Hence, it is not
necessary to prepare the gain table in advance. This is the
major advantage of the current type.

Fig. 4 (a) Simulation and (b) experimental results of the
conventional pole assignment. (c) Movement of the poles in
design. (d) Actual movement of the poles.

IV. NUMERICAL AND EXPERIMENTAL VERIFICATION
The dual-sampling-rate observer and the proposed pole
assignment have been verified by the experimental
apparatus shown in Fig. 5. It is composed of an inertiaadjustable drive disk driven by a brush-less dc motor and
an inertia-adjustable load disk. Belts connect both disks
to each other via a speed reduction gear set. 16,000-ppr
rotary encoders are installed to measure the speed of each
disk, but the resolution for the control is reduced to 80
ppr to verify the performance of the observer. The control
Table 2 List of experimental parameters.

Fig. 5 (a) Experimental apparatus. (b) Free body diagram.

Fig. 3 (a) Simulation and (b) experimental results of the
proposed pole assignment. (c) Movement of the poles in
design. (d) Actual movement of the poles.

Fig. 6. Block diagram for verification of the pole
assignment method.

period is set to 1.768 ms. Experimental constants are
summarized in Table 2.
The objectives of the verification is to verify the
effectiveness of the proposed pole assignment.
For simplicity, the proposed pole assignment method is
verified based on a one-inertia system. The plant transfer
function is described as
 D  s
1
=
(11)
T m s J D sc D
where T m denotes the motor torque. The controller is
designed such that the equivalent time constant of the
system is 200 ms. Consequently, the third-order observer
is enough to estimate the whole state variables including
disturbance. Its state equation is expressed in (3) for the
predicting type, where the state, input, and output vectors
are described as .
x =[ D D T L ]T , u=T m , y = D
(12)
where D ,  D , and . T L denotes the drive
disk's angle, speed and the load torque. Coefficient
matrices A 2 , B2 , and C 2 in (3) are derived
from their continuous-time domain matrices with zerothorder disturbance consideration A cd3 , Bcd3 , and
C cd3 , respectively. The subscript 3 means third order.
The components of these matrices are described as
0 1 0
0
1
1
A cd3 = 1 0
, B cd3= J
,
JD
D
0
0 0 0

[ ] []

C cd3 =[1 0 0]

(13)
Note that the friction factor c D in (11) is considered as
a disturbance so it is not expressed in the state transition
matrix in (13). Fig. 6 shows the block diagram of the
controlled system. It is important to note that the interval
between two consecutive pulses produced from the rotary
encoder changes according to speed. In many systems,
where an ordinary discrete-time observer is implemented,
the observer is conventionally designed at nominal
operating speed by placing the poles on s-plane so that
the desirable settling time is obtained and then mapping
the poles on the s-plane to the z-plane by using the
interval between the pulses T 1 as the sampling time
[4]. In the case of a wide-speed-range system, the
observer poles may be changed according to the speed in
order to maintain the relationship between the time
constant of the system and the observer. Note that the

poles of the instantaneous speed observer, which are
similar to the third order predicting dual-sampling-rate
observer, was previously placed by this method. The
results and pole locations in the case when the poles of
the observer are designed by the conventional method are
shown in Fig. 4.
The time constant of the observer is twice as fast as that
of the system at any speed. However, the system cannot
be stably driven when the speed drops below 60 r/min.
This is because the poles are fixed on the s-plane and
mapped to the z-plane without consideration of the
relation of T 1 and T 2 . Fig. 4(c) and (d) shows the
movements of the observer poles in design and actual
pole movements, respective. It is obviously seen in Fig.
4(d) that an actual pole of the observer moves onto the
negative real axis when the speed drops below 53 r/min
and proceeds to the outward direction of the unit circle.
This confirms the fact that placing the poles without
considering the relationship between the two sampling
times causes instability. One way to solve this instability
problem is to fix the poles on z-plane and reduce the
controller gains to maintain the ratio of the time constant
between the observer and the controlled system. But this
will result in slow response of the system [9].
Fig. 3 shows the results and pole locations by using the
proposed pole assignment method. It is seen that by using
the relation in (10) the gains are adjusted so that the poles
move inside the unit circle on both z-planes, as shown in
Fig. 3(c) and (d). Hence, the system can operate stably, as
shown in Fig. 3(a) and (b). Note that the speed of 15 rpm
corresponds to the pulse interval T 1 of 50 ms in case
of the encoder’s resolution of 80 ppr and the control
period T 2 is set to 1.768 ms. In other words, T 1 is
28 times greater than T 2 . This emphasizes the fact
that the proposed pole assignment method maintains the
stability and allows us to design a fast controller even at
low speeds so that the desirable response can be achieved.
V. EXTENSION TO THE STATE ESTIMATION OF A STABLE SYSTEM
WITH CONSIDERABLE DEAD TIME IN OUTPUT SIGNALS

Fig. 7. Block diagram for estimating state variables of
a plant with dead time in output signal path.

It is known that dead time in a plant often causes
instability in feedback controls. By extending the idea of
the dual-sampling rate observer as shown in Fig. 7,
guaranteeing stable state estimation is possible for an
asymptotic stable plant with dead time in output signal
path, by continuing internal delayed state estimation
represented by x n , and calculating present estimated
present state variable x n by extrapolating x n based
on internal plant model in the observer for actual state
feedback. This idea will be useful in recent technologies
of visual servos, and remote operations through a
communication network.
VI. CONCLUSIONS
This paper describes an effective way to achieve precise
inter-sampling estimation from an event-based sampling
system such as traction control, in which a low-resolution
encoder are commonly used as the speed sensors, by
introducing dual-sampling-rate observer. Its principle is
to estimate or predict the state variables between the
encoder pulses based on model-based knowledge of
physical plant dynamics and correct the estimation error
when the next encoder pulse is generated. It is classified
into two types based on its structure: the predicting type
and the current type. It can be extended for estimating a
high-order plant easily, since it has been generalized in
state space representation. This extension has allowed us
to estimate the whole state variables. This has made the
design of state feedback possible, and the control
performance was improved from that of the conventional
methods. The observer has two sampling times: the
constant period of estimation T 2 equal to the control
period and the variable period of error correction T 1
equal to the pulse interval detected by the observer. This
has lead to the proposal of a novel pole assignment
method that stabilizes the operation of the observer in all
speed range by considering the relationship between
T 1 and T 2 .
We have also found the relationship between the
observer gains of the dual-sampling-rate observer and the
variable-sampling single- rate observer, sampled by
T 1 . This relationship has simplified the gain
calculating procedure, especially in the case of the current
type where the observer gain is identical to the variablesampling-single-rate observer, sampled by T 1 .
The idea can be applied to not only a motor but also any
high-order plants.
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