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Abstract—This paper describes an effective way to
improve the performance of a linear encoder by introducing
an estimation technique called multirate sampling observer.
The authors analyses the observer by using multirate
sampling theory and verifies its effectiveness by various
Simulations.
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1. INTRODUCTION
Linear encoders are simple sensing devices for linear motion.
The resolutions of these encoders depend on the linear scales
and the optical sensors. Recent developments in sensing
techniques allow us to obtain high precision and accuracy. The
costs of high-precision sensors are, however, very expensive.
Using less-precision linear encoders is a more economical
solution but this causes the problem in control, especially at low
speed.

xˆ [n + 1] = (A 2 − L 2C 2 )xˆ [n] + B 2 u[n] + C 2 y[n]

[

where xˆ = rˆ

vˆ Fˆ L

T

, u = Fm and y = x . r, v, FL and Fm

represent position, speed, disturbance force and driving force,
e.g. from a linear motor , respectively. L2 is the observer gain
matrix. Note that the input u and the output y in this case are
scalar quantities, but generally they can be vectors based on the
state space description. The subscript 2 indicates that the
constant DSP clock T2 is used as the sampling time of the
system and the symbol ^ indicates the estimated value. Matrices
A2, B2 and C2 are derived from their continuous time domain
matrices with disturbance consideration A, B and C,
respectively. The components of these matrices are described as
follow

n=0

r [m − 1]

Fig. 1 illustrates the condition at low speed. The arrows
stand for pulses, which are the outputs of an encoder. The
period between two consecutive pulses, T1, is longer than the
control period, T2. As a result, we cannot control the system
precisely.

]
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Figure. 1 Timing diagram

To solve this problem, we apply an estimation scheme called
“multirate sampling observer”, which is a specific discrete-time
observer to estimate the speed and position between two
consecutive pulses. The effectiveness of the observer is verified
through various simulations.

plant
u

2. MULTIRATE SAMPLING OBSERVER
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2.1. Derivation
Derivation of the multirate sampling observer is based on the
timing diagram in Fig. 1, where T1 is the interval between the
pulses, T2 is the control of sampling period, m is the number of
the pulse and n is the number of the sampling instant after the
pulse is detected. The block diagram of the observer is shown
in Fig. 2. The observer is derived from a speed observer in
discrete-time domain with disturbance dynamics consideration.
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Figure 2. Block diagram of the multirate sampling observer
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 0 
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2.2. Pole Placement
To place the observer poles, let’s rearrange (7) to obtain

(2)

ˆ [m + 1] = AX
ˆ [m] + B U[m] + L y [m] ,
X
0

where M is the mass of the moving part. Hence, the plant in this
case is only the mechanical dynamics of the moving part, which
can be described as follow

x = A c x + B c u, y = C c x

(3)

0 1 
 0 
r 
 , B c = 1 / M  , C c = [1 0] , x = v  .
0
0
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Fig. 3 shows a diagram of discrete time signals. Thick
arrows represent actual values and thin arrows stand for
estimated values. We define periods between the detected
pulses as sampling frames. Hence, the interval of each sampling
frame has the period of T1. From the diagram, the actual output
y or the shaft angle can be obtained only when an encoder pulse
is detected. At this moment, the error of estimation is corrected.
On the other hand, when pulses are not detected, the observer
principally works as a simulator, calculating the state variables
based on the plant model. This condition is achieved by using
the estimated shaft angle when the detected pulses are not
available as illustrated in the diagram. This method is practical
in both simulations and experiments since it can be programmed
easily. This leads to the assumption that

n ≠ 0, N ;

(6)

xˆ n +1 = A 2 xˆ n + B 2 u n .

A n2−2 B 2 u1 + L + A 02 B 2u n−1 + A n2−1L 2 y0

M

A 2N − 2 B 2

(

)

eig( A ) = eig A 2N −1 (A 2 − L 2 C 2 ) = z 2 I − A = 0 ,

(9)

where z2 is the Z-transform variable due to the constant
sampling time T2, i.e. z2-domain.

z 2 = exp(T2 s ) .

(10)

Solving (9), we discover the fact that there are 3N poles on
z2-plane. Among these, there are only 3 poles that do not locate
at the origin. Hence, we can place these 3 poles to adjust the
dynamics of the observer.

2.3. Observer gains, pole location and their relationship
when sampled by the variable sampling time T1 and the
constant sampling time T2

Due to this fact, the last sampling instant in each sampling
frame decides the dynamics of the next sampling frame.
Dynamics of each frame can be expressed by

xˆ n = A n2−1 (A 2 − L 2C 2 )xˆ 0 + A n2−1B 2u 0 +

B

0
 L2 

 A L 
0
2 2 
, L=
,
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L B2 
A 2 L 2 

L
L

Poles of the observer are obtained by solving the following
equation

where n is the sampling index in each sampling frame, N is the
last sampling instant in each frame. Hence, the observer
equations can be expressed as follow

(5)

0

 xˆ [m,1] 
 u[m,0] 

ˆ


x
m
[
,
2
]
ˆ [ m] = 
 and U[m] =  u[m,1]  .
X
 M 


M




u[m, N − 1]
xˆ [m.N ]

(4)

n = 0, N ; xˆ n +1 = A 2 xˆ n + B 2 u n + L 2 ( y n − yˆ n ) ,

(8)

(A 2 − L 2 C 2 ) 
0 0 L
0 0 L A (A − L C ) 
2
2
2 2 
where A = 
,

M M O
M


N −1
0 0 L A 2 (A 2 − L 2 C 2 )

where A c = 

 y, n = 0, N ; N = T 1 / T 2
y=
,
otherwise
 yˆ ,
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T1 is defined as the period between two consecutive pulses,
so it always varies dependently on speed. When dealing with a
variable-sampling-time system, a controller and an observer are
conventionally designed at a nominal speed or nominal
operating point by fixing the poles of z-plane. This method
works effectively at nominal speed but the response of the
system deteriorates at relatively different speed. Observer
equation is described by

(7)

xˆ [ m + 1] = A 1 xˆ [m] + B 1 u[m] + L 1 ( y[m] − yˆ[m])

.

(11)

Note that subscript 1 indicates that T1 is used as a sampling time,
i.e. z1-domain. To find the relationship between both domains,
let’s assume that the input signals in each sampling frame in z2domain are constant. (7) can be rearranged as follow

xˆ [m + 1] = A1xˆ [m] + B1u[m] + A 2N −1L 2 ( y[m] − yˆ[m]) . (12)
Comparing (11) and (12) leads to the following relation

Figure 3. Discrete-time signals
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L 1 = A 2N −1L 2

(

N −1
or L 2 = A 2

)

−1

L1

.

3. SIMULATION RESULTS

(13)

In order to verify the performance of the multirate sampling
observer, we apply the observer to a simple one-mass system
driven by a linear actuator. The plant model in state space
description is shown in (3). Note that the matrix Cc can be
changed to [0 1] for speed control.

Substituting the value of L2 in (9) and using the fact that C1
equals to C2, we obtain

eig(A 1 − L 1C1 ) = z1I − (A 1 − L 1C1 ) = 0

(14)

The block diagram for verification is shown in Fig. 5. It is a
simple state feedback with integral term. We use a low-cost
linear scale with the resolution of 1 mm and the mass of the
moving part is 1 kg.

Hence, the poles on z2-plane that are not located at the origin are
identical to the poles on z1-plane.

2.4. Gain tuning procedures
The gain of the multirate sampling observer can be simply
tuned by consideration of the relationship of the sampling time
T1 and T2 or based on (13) and (14) derived in the previous
section. The gain tuning procedure is concluded as follow
1.)

Placing the pole on z1-plane and calculating the
observer gain in z1-domain, L1, by using (13)

2.)

Using the relationship in (14) to calculate the observer
gain in z2-domain L2.

Fig. 6 shows the position response against a step trajectory.
The command is set to 10.5 mm. Note that the resolution of the
encoder is 1 mm, so the command is between two consecutive
marks on the linear scale. Fig. 6(a) and (b) show the responses
when the encoder’s information is directly used and when the
multirate sampling observer is applied, respectively. Their
larger views are shown in Fig. 6(c) and (d), respectively. It is
obviously seen that the observer can estimated an accurate value
so the response of the plant precisely tracks the command. On
the other hand, the response when the encoder’s information is
directly used oscillates because of the limitation of the
resolution.

The observer gain L2 is variable according to the number of
the intersampling or the ratio of T1 to T2, N. In real application,
we can easily apply this gain tuning by off-line calculation and
using a look-up table. The calculated observer gains are shown
in Fig. 4

(a)

Observer gain L1

(b)

Observer gain L2
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Another merit of using the multirate sampling observer is that
it can estimate the disturbance. The estimated disturbance is
then used a feedforward compensation to improve the
robustness of the system. According to the result in Fig. 6(a)
and (b), a step disturbance force of 0.1 N is applied at the fifth
second. This causes a big deviation in case of the conventional
method in Fig. 6(a). Oppositely, the response of the system with
the multirate sampling observer is much more robust to the
disturbance as shown in Fig. 6(b)

(b) The proposed control system with multirate sampling observer

(c)

Figure 5. Block diagram for verification of the performance of the
multirate sampling observer

Observer gain L3

Figure 4. Observer gains
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(a) Response when the encoder’s information is directly used

(a) Response when the encoder’s information is directly used

(b) Response when the multirate sampling observer is applied

(b) Response when the multirate sampling observer is applied

Figure 7. Simulation results based on a speed command

4. CONCLUSIONS
This paper has described an effective way to improve the
performance of a linear encoder by introducing an estimating
technique called “multirate sampling observer”. The multirate
sampling observer is a specific discrete-time observer that can
estimate precise speed, position and other state variables
between two consecutive encoder pulses. We have also
proposed a pole placement method, which results in variable
gains. This method stabilized the operation even at stand still
condition. The observer can also estimate the disturbance,
which is used to improve the robustness of the system by
feedforward compensation. Various simulation results have
shown that the multirate sampling observer can improve the
performance of a linear encoder.

(c ) A larger view of (a)
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