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The design of an optimal running curve for train operation considering the sectional-speed constraints with the aim of
minimizing the energy consumption
Van-Duc DOAN＊, Takafumi KOSEKI, (The University of Tokyo)
This paper describes a new approach for creating an optimal running curve of a train considering the sectional-speed constraints
with the aim of minimizing the energy consumption, given the basic constraints of running time and limited motive force. A
parameterization method of the input motive force profile is proposed for mathematically demonstrating the relationship between
the input motive force and the instant time; therefore, the running curve can be obtained by simply solving the dynamic equation
of train, given the profile of input motive force. For such approach, the energy consumption and the stated-above constraints are
formulated as mathematically functions depending on the parameters of this profile, then a constrained optimization problem is
established for minimizing the energy consumption to find the optimal profile of the input motive force. The effectiveness of
proposed method is verified by computer simulations.
キーワード：電気鉄道、運転曲線、最適化、パラメータ法、消費エネルギー、断面スピード制約
(Railway, running curve, mathematical optimization, parameterization method, energy consumption, sectional-speed constraint)
1.

Introduction

Railway transportation is facing increasing pressure to reduce its
energy consumption due to increasing concerns for environment
issues. Since the running curve directly affects the total energy
consumption, many researchers have considered how to obtain an
optimal running curve so that this energy consumption is
minimized. Those researches can be grouped into two categories
as coasting control and general control [1]. In coasting control,
control algorithms are proposed to find appropriate coasting points
at which the traction motors are completely switched off. For
example, genetic algorithm is implemented to search for these
points [2]; and artificial neural network is applied to search for
optimal coasting speed to minimize the social cost [3]. Meanwhile,
general control seeks for the optimal running curve by searching
the train speed at various positions of all three modes of train
operation (i.e. powered, coasting, and braking modes). There are
numerous algorithms used to obtain these optimal control
sequences of train such as Pontryagin’s maximum principle [4],
Genetic algorithm [5], and Dynamic programming [6]. For those
approaches, the optimal running curve is obtained by searching for
the speed of train at various positions, so those algorithms are in
computational burden due to their generic nature. In [7], the
authors proposed an approach to find the optimal running curve
based on a novel parameterization method of the running curve.
With this approach, since constraints guaranteeing the continuity
of train speed profile must be considered, the established

optimization

problem

becomes

complicated

when

many

parameterization functions of running curve are used. For example,
in case of many sectional-speed constraints considered, using
numerous parameterization functions makes the optimization
problem very difficult to obtain the solution. To overcome this
drawback, in this paper, the authors proposed another approach in
applying the parameterization method. Instead of parameterizing
the

relationship

between

position

and

speed

of

train,

parameterizing the relationship between the input motive force and
time is used. For this approach, the constraints for continuity
conditions are not appeared in the optimization problem, making it
easier to solve.
The remains of this paper are outlined as follows: Section 2
presents dynamic model of train and formulates the energy
consumption. Section 3 proposes a new approach of the
parameterization

method

and

establishes

the

constrained

optimization problem. Section 4 presents simulation results.
Section 5 is about conclusions.
2.

Mathematical model of train operation

<2.1> Dynamic equation of the train
The dynamic equation of the train follows Newton’s law:
𝑑𝑣 1
= [𝐹𝑚𝑜𝑡𝑜𝑟 (𝑣) − 𝐹𝑚𝑒𝑐ℎ (𝑣) − 𝑅(𝑥, 𝑣)]
{ 𝑑𝑡 𝑀
𝑑𝑥
=𝑣
𝑑𝑡

(1)

Where, 𝑥 - position of train; 𝑣 - speed of Train; 𝑀 - total mass

Where, 𝑇 - the total running time of train; the supplied power for

of train; 𝑅(𝑥, 𝑣) - total resistances of train.

motor/regenerative power from motor 𝑃𝑚𝑜𝑡𝑜𝑟 can be expressed

The input motive force of train 𝐹𝑚𝑜𝑡𝑜𝑟 (𝑣) can be expressed by

by the following equation:

the following equations for two cases of train operation:

𝑃𝑚𝑜𝑡𝑜𝑟

Case 1: Powered mode: 𝑢𝑚𝑜𝑡𝑜𝑟 ≥ 0

𝑢𝑚𝑜𝑡𝑜𝑟 × 𝐹0 , 0 ≤ 𝑣 ≤ 𝑣0
𝐹0 𝑣0
𝐹𝑚𝑜𝑡𝑜𝑟 (𝑣) = {
𝑢𝑚𝑜𝑡𝑜𝑟 ×
, 𝑣0 ≤ 𝑣 ≤ 𝑣𝑚𝑎𝑥
𝑣

(2)

is only determined by experimental methods.

(3)

powered mode; 𝐹1 𝑣1 - the maximal power in regenerative
braking mode.
The mechanical braking force 𝐹𝑚𝑒𝑐ℎ (𝑣) can be expressed by
the following equation in braking mode of train operation:

𝐹𝑚𝑎𝑥

𝐹𝑚𝑒𝑐ℎ ; thus, it also depends on 𝑢𝑚𝑜𝑡𝑜𝑟 (𝑡) and 𝑢𝑚𝑒𝑐ℎ (𝑡), given
the constraints of train operation shown in Section 2.2. Therefore,
by determining 𝑢𝑚𝑜𝑡𝑜𝑟 and 𝑢𝑚𝑒𝑐ℎ in the time range of [0, 𝑇] to
minimize the energy consumption, we can obtain the optimal
profiles of the input motive force 𝐹𝑚𝑜𝑡𝑜𝑟 and the mechanical
braking force 𝐹𝑚𝑒𝑐ℎ , and then the optimal running curve. In next
section, we will present establishing an optimization problem of

(4)

Where, 𝑢𝑚𝑒𝑐ℎ - the control signal of input mechanical braking
𝑢𝑚𝑒𝑐ℎ ∈ 𝐑; 0 ≤ 𝑢𝑚𝑒𝑐ℎ ≤ 1 ;

From expressions derived at Section 2.1, Section 2.2, and
Section 2.3, the energy consumption depends on 𝐹𝑚𝑜𝑡𝑜𝑟 and

𝑢𝑚𝑜𝑡𝑜𝑟 ∈ 𝐑; −1 ≤ 𝑢𝑚𝑜𝑡𝑜𝑟 ≤ 1 ; 𝐹0 𝑣0 - the maximal power in

force,

Where, the efficiency of motor 𝜂 depends on both the motor force
𝜂(𝐹𝑚𝑜𝑡𝑜𝑟 , 𝑣) shows the characteristics of motor, and in general, it

Where, 𝑢𝑚𝑜𝑡𝑜𝑟 - the control signal of input motive force,

𝐹𝑚𝑒𝑐ℎ (𝑣) = 𝑢𝑚𝑒𝑐ℎ × 𝐹𝑚𝑎𝑥

(11)

and speed of train as a relationship: 𝜂 = 𝜂(𝐹𝑚𝑜𝑡𝑜𝑟 , 𝑣) .

Case 1: Regenerative braking mode: 𝑢𝑚𝑜𝑡𝑜𝑟 < 0

𝑢𝑚𝑜𝑡𝑜𝑟 × 𝐹1 , 0 ≤ 𝑣 ≤ 𝑣1
𝐹1 𝑣1
𝐹𝑚𝑜𝑡𝑜𝑟 (𝑣) = {
𝑢𝑚𝑜𝑡𝑜𝑟 ×
, 𝑣1 ≤ 𝑣 ≤ 𝑣𝑚𝑎𝑥
𝑣

1
× 𝐹𝑚𝑜𝑡𝑜𝑟 × 𝑣, 𝑢𝑚𝑜𝑡𝑜𝑟 ≥ 0
= {𝜂
𝜂 × 𝐹𝑚𝑜𝑡𝑜𝑟 × 𝑣, 𝑢𝑚𝑜𝑡𝑜𝑟 < 0

- the maximal

mechanical braking force.

the energy consumption based on the parameterization method of
control signals (𝑢𝑚𝑜𝑡𝑜𝑟 (𝑡) and 𝑢𝑚𝑒𝑐ℎ (𝑡)).
3.

The constrained optimization problem based on a
parameterization method

<2.2> Constraints of the train operation

<3.1> A parameterization method of control signal
In order to find the optimal control signal profiles of 𝑢𝑚𝑜𝑡𝑜𝑟 (𝑡)

Total running time:

and 𝑢𝑚𝑒𝑐ℎ (𝑡) so that the energy consumption is minimal, we

𝑇

𝑇𝑡𝑜𝑡𝑎𝑙 = ∫ 𝑑𝑡

(5)

0

mathematical functions versus time, and these functions will be

𝑇𝑡𝑜𝑡𝑎𝑙 - total running time is given.

completely determined through their parameters. For simplicity,
the control signals 𝑢𝑚𝑜𝑡𝑜𝑟 (𝑡) and 𝑢𝑚𝑒𝑐ℎ (𝑡) are demonstrated in

Distance between two stations:

𝑥(𝑡=0) = 0; 𝑥(𝑡=𝑇𝑡𝑜𝑡𝑎𝑙 ) = 𝐿

assume that these control signals can be expressed by

(6)

the common form as follows:

Where, 𝐿 - the distance between two stations.
Speed constraints:

𝑣(𝑥=0) = 0; 𝑣(𝑥=𝐿) = 0
𝑣(0<𝑥<𝐿) ≤ 𝑣𝑙𝑖𝑚𝑖𝑡 (𝑥)

(7)
(8)

Constraint (8) guarantees: the train starts at a station and stops at
next station; constraint (9) guarantees the sectional-speed limit of
train between two stations.
Input motive force and mechanical braking force:
From Section (2.1), the inequality constraints are obtained:
−1 ≤ 𝑢𝑚𝑜𝑡𝑜𝑟 ≤ 1; 0 ≤ 𝑢𝑚𝑒𝑐ℎ ≤ 1

(9)

From the parameterization method shown in Fig. 1, the control

<2.3> Energy consumption of the train
The energy consumption of train can be calculated as follows:
𝑇

𝐸 = ∫ 𝑃𝑚𝑜𝑡𝑜𝑟 𝑣𝑑𝑡
0

Fig. 1. Parameterization of control signal versus time

(10)

signal consists of 𝑁∆ sections with different length (∆𝑡𝑖 ∈ 𝐑; 𝑖 =
1,2, … , 𝑁∆ ), and the control signal at each section is parameterized
by 𝑁𝑝 parameters ( 𝑢𝑖𝑗 , 𝑖 = 1,2, … , 𝑁∆ ; 𝑗 = 1,2, … , 𝑁𝑝 ; 𝑁∆ ∈
𝐍; 𝑁𝑢 ∈ 𝐑).

Fig. 2. Optimization algorithm based on the parameterization method of control signal.
It is clearly seen that the control signal consists of piecewise

The energy consumption 𝐸 is obtained by solving the differential

continuous functions which can be mathematically expressed by

equation (12) or (13), given the control signal 𝑈 , i.e. 𝐸 =

Lagrange functions as follows:

𝑋3 (𝑇𝑡𝑜𝑡𝑎𝑙 ) . In other words, the energy consumption can be
expressed through the parameters of the control signal as follows:

𝑁𝑢

𝑁𝑢

𝑢(𝑡) = ∑ (𝑢𝑖𝑗 ∏
𝑗=1

𝑘=1,𝑘≠𝑗

𝑡 − 𝑡𝑖𝑘
) ; 𝑡 ∈ ∆𝑡𝑖
𝑡𝑖𝑗 − 𝑡𝑖𝑘

(12)

At this point, the control signal is parameterized by parameters as
follows:

𝑷 = (𝑁∆ , 𝑁𝑢 , ∆𝑡𝑖 , 𝑢𝑖𝑗 ); 𝑖 = 1,2, … , 𝑁∆ ; 𝑗 = 1,2, … , 𝑁𝑢 .

Where, 𝑁∆ , 𝑁𝑢 are integer numbers; ∆𝑡𝑖 , 𝑢𝑖𝑗 are real numbers.

𝐸 = ℱ(𝑁∆ , 𝑁𝑢 , ∆𝑡𝑖 , 𝑢𝑖𝑗 )
B.

Constraints of the train operation

Total running time:
From equation (5), the following equality is obtained:

<3.2> Construction of energy optimization problem based on

𝑁∆

the parameterization method

∑ ∆𝑡𝑖 = 𝑇𝑡𝑜𝑡𝑎𝑙

A. The energy consumption: Objective function
Speed constraints:

From equation (7), we obtain the initial condition and final
condition for the differential equation (14).
(13)

0
0
𝑋(0) = [0] ; 𝑋(𝑇𝑡𝑜𝑡𝑎𝑙 ) = [ 0 ]
𝑋3
0

(18)

From in-equation (8), the inequality constraints are obtained as

Equation (13) can be shorten further as follows:
𝑑𝑋
= 𝑓(𝑋, 𝑈); t ∈ [0; 𝑇𝑡𝑜𝑡𝑎𝑙 ]
𝑑𝑡

(17)

𝑖=1

Dynamic model of the train can be re-written as below:
𝑑𝑣 1
= [𝐹
(𝑣) − 𝐹𝑚𝑒𝑐ℎ (𝑣) − 𝑅(𝑥, 𝑣)]
𝑑𝑡 𝑀 𝑚𝑜𝑡𝑜𝑟
𝑑𝑥
=𝑣
𝑑𝑡
𝑑𝐸
= 𝑃𝑚𝑜𝑡𝑜𝑟 𝑣
{
𝑑𝑡

(16)

follows. By solving the differential equation (14) with the initial
(14)

equation stated in (17), given the control signal 𝑈, we can obtain
the trajectory of state 𝑋(𝑡) in the time range of [0; 𝑇𝑡𝑜𝑡𝑎𝑙 ], then

Where,

the relationship between position and speed of train is expressed as
𝑣(𝑥) = 𝑋1 (𝑋2 ), so the inequality constraint is obtained:

𝑋1
𝑣
𝑢𝑚𝑜𝑡𝑜𝑟
𝑢1
𝑋 = [𝑋2 ] = [ 𝑥 ] ; 𝑈 = [𝑢 ] = [ 𝑢
];
2
𝑚𝑒𝑐ℎ
𝐸
𝑋3
1
𝑓1
[𝐹𝑚𝑜𝑡𝑜𝑟 (𝑣) − 𝐹𝑚𝑒𝑐ℎ (𝑣) − 𝑅(𝑥, 𝑣)]
𝑓(𝑋, 𝑈) = [𝑓2 ] = [𝑀
]
𝑣
𝑓3
𝑃
𝑣
𝑚𝑜𝑡𝑜𝑟

𝑋1 (𝑋2 ) ≤ v(𝑋2 )
(15)

(19)

It should be noted that 𝑋 = [𝑋2 (𝑡), 𝑋2 (𝑡), 𝑋3 (𝑡)]𝑇 depends on the
parameters of control signal (𝑁∆ , 𝑁𝑢 , ∆𝑡𝑖 , 𝑢𝑖𝑗 ), so those inequality
constraints also depends these parameters.

Input motive force and mechanical braking force:

𝐹𝑙𝑖𝑚𝑖𝑡 [𝑁]

From in-equations (9), we can obtain the inequality constraints as

Powered
Braking

below:
−1 ≤ 𝑢𝑖𝑗 ≤ 1, 𝑢𝑚𝑜𝑡𝑜𝑟

{ 0 ≤ 𝑢 ≤ 1, 𝑢
𝑖𝑗
𝑚𝑒𝑐ℎ

(20)

From the equality constraints stated in (17), (18) and inequality

0

𝑣[𝑘𝑚/ℎ]

constraints stated in (19), (20), we can re-write in the short forms
as below:
ℎ(𝑁∆ , 𝑁𝑢 , ∆𝑡𝑖 , 𝑢𝑖𝑗 ) = 0
ℊ(𝑁∆ , 𝑁𝑢 , ∆𝑡𝑖 , 𝑢𝑖𝑗 ) ≤ 0

(21)
(22)

At this point, from (16), (21) and (22), we can obtain the
mixed-integer constrained optimization problem as below; the
proposed method can be briefly demonstrated in Fig. 2.
𝐸 = ℱ(𝑷)
ℎ(𝑷) = 0
ℊ(𝑷) ≤ 0

Fig. 3. Characteristics of the input motive force
For verification of the proposed method, in this paper, we only
consider the train operation under assumptions: No use of
mechanical brake, the constant efficiency of motor 𝜂 = 0.8336,
and the constant road gradient 𝑖 = 2[0⁄00]. Two cases of train
operation are investigated i.e. Case 1: No sectional-speed
constraint; Case 2: Sectional-speed constraint.

(23)

𝑷 = (𝑁∆ , 𝑁𝑢 , ∆𝑡𝑖 , 𝑢𝑖𝑗 )
𝑖 = 1,2, … , 𝑁∆ ; 𝑗 = 1,2, … , 𝑁𝑢
{ 𝑁∆ , 𝑁𝑢 ∈ 𝐍; ∆𝑡𝑖 , 𝑢𝑖𝑗 ∈ 𝐑

Case 1: No sectional-speed constraint: (𝑣𝑙𝑖𝑚𝑖𝑡 (𝑥) = 𝑣𝑚𝑎𝑥 )
The running time of train is set as 𝑇𝑡𝑜𝑡𝑎𝑙 = 135s. Constraint of the
train speed is only v(x) ≤ 𝑣𝑚𝑎𝑥 (= 90[km/h]) with any position of

Solving the mixed-integer constrained optimization problem like

the train. Optimization calculations are conducted under different

(23) is not always obtained because it depends on the complexity

number of parameters of control signal as follows:

of objective function as well as constraints. In this paper, we only
investigate a special case that is applicable to train operation
optimization.

𝑷 = (∆𝑡𝑖 , 𝑢𝑖1 ); 𝑖 = 1,2, … , 𝑁∆

(24)

Where, 𝑁𝑢 = 1; 𝑁∆ = 3,4,5.

In case of the number of sections of control signal in the time
range t ∈ [0; 𝑇𝑡𝑜𝑡𝑎𝑙 ] and the number of parameters of control
signal in each section fixed, i.e. 𝑁∆ , 𝑁𝑢 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 , the
optimization problem (23) becomes a general constrained
optimization problem where the optimized variables are real
numbers. Algorithms for solving this problem have been presented
in many researches [7,8,9]. In this paper, we investigate a more
special case: when 𝑁𝑢 = 1, the control signal becomes an array of
piecewise constants that are similar to the actions of driver in the
train operation, so it is useful for driver guidance.
4.

Fig. 3. Optimized running curves of the train with different
number of the sections of control signal.

Simulation results

The operation parameters of the train and the characteristics of the
input motive force are given as Tab. 1 and Fig. 3.
Tab. 1. Operation parameters of the train
Definition

Symbol

Value

Total mass of train

𝑀 [ton]

291.32

Distance

𝐿 [m]

2000

𝜂

Motor efficiency

0.8336

[0⁄00]

-

Maximal train speed

𝑣𝑚𝑎𝑥 [km/h]

90

Limit of Train
Acceleration

km/h
𝑎𝑙𝑖𝑚𝑖𝑡 [
]
s

-

Gradient

𝑖

Fig. 4. Optimized input motive force profiles for minimizing the
energy consumption of train operation with different number of
the sections of control signal.

Simulation results are shown in Fig. 3 and Fig. 4. It should be noted

Case 2: Sectional-speed constraint: (𝑣𝑙𝑖𝑚𝑖𝑡 (𝑥) ≤ 𝑣𝑚𝑎𝑥 )

that when no sectional-speed constraint is required, and the

The running time of train is set as 𝑇𝑡𝑜𝑡𝑎𝑙 = 135s. The train speed

running time of train is set long enough (where 𝑇𝑡𝑜𝑡𝑎𝑙 = 135s),

must be lower than 𝑣𝑚𝑎𝑥 (= 90[km/h]) with any position of train.

optimized running curves consist of three sections according to

Besides, the sectional-speed constraint is set as 𝑣(𝑥) ≤ 60[km/h]

three modes of train operation i.e. powered mode, coasting mode

when

and braking mode as shown in Fig. 3. The input motive force

conducted under different number of the sections of control signal

profile also does not significantly change when the number of the

as follows:

sections of control signal increases (provided that 𝑁∆ ≥ 3), as
shown in Fig. 4. In the three cases of 𝑁∆ ( 𝑁∆ = 3,4,5 ), the
minimal energy consumption is same as 13.1015[kWh].

800 ≤ 𝑥 ≤ 1200 [m]. Optimization calculations are

𝑷 = (∆𝑡𝑖 , 𝑢𝑖1 ); 𝑖 = 1,2, … , 𝑁∆

(25)

Where, 𝑁𝑢 = 1; 𝑁∆ = 6,7,8.

Consider a case where the running time of train is set to be short
enough as 𝑇𝑡𝑜𝑡𝑎𝑙 = 115 s. Fig.5 and Fig. 6 show optimized
running curve and optimized input motive force profile with the
number of the sections of control signal chosen as 𝑁∆ = 4.

Fig. 7. Optimized running curves of the train with different
number of sections of control signal.

Fig. 5. Optimized running curve of the train with the number of
the sections of control signal: 𝑁∆ = 4.

Fig. 8. Optimized input motive force profiles for minimizing the
energy consumption of train operation with different number of
sections of control signal.
Simulation results are shown in Fig. 7 and Fig. 8. It should be noted
Fig. 6. Optimized input motive force profile for minimizing
the energy consumption of train operation: 𝑁∆ = 4.
Fig. 5 shows that due to the constraint of speed limit v ≤ 𝑣𝑚𝑎𝑥 =
90[km/h], the train is accelerated from zero until its speed reaches
90[km/h], then controlled to keep its speed at a constant value in
coasting mode. After that, it is decelerated until destination.
Further, Fig. 6 shows that due to constraint of the running time, in
one part of coasting mode, the train is still powered with an
appropriate motive force to keep running time of the train as
desired. The minimal energy consumption 𝐸 in this case is
19.2926[kWh].

that when position of the train is in [800; 1200][m], its speed is
controlled to be lower than 90[km/h]. When the number of the
sections of control signal increases, the optimized running curves
converge to one running curve, so-called the optimal running
curve, as shown in Fig. 7. The minimized energy consumption 𝐸
is respectively 16.4874[kWh]; 15.1518[kWh]; 15.1371[kWh]
according to differential number of the sections: 𝑁∆ = 6,7,8. It
clearly seen that 𝑁∆ = 7 should be chosen. Fig. 8 shows that the
optimized profiles of input motive force in each case of 𝑁∆ are
within the limited force profile given in Fig. 3. Determining 𝑁∆
depends on the number of sectional-speed constraints given and
desired accuracy of the obtained solution.

5.

Conclusions & Future Researches

The research proposed a methodology to find input motive force
profile and then obtain the optimal running curve of the train with
the aim at minimizing the energy consumption.
It is crucial to select the number of sections of control signal.
This paper presented the simulation results with different number
of these sections, then an appropriate number is voted. Future
research will investigate a method to determine the optimal
number of sections of control signal.
It should be noted that the proposed method requires solving
the ordinary differential equation (ODE) of train dynamic model
in each iterative loop of the optimization process which costs much
time for integration calculation if the running time is long enough;
therefore, fast algorithms for solving this ODE are very important.
There are many available integrator packages of ODE such as:
Sundials [10] or DAESOL [11]. It will be useful if the proposed
method is used together with these available software packages to
improve performance of the optimization algorithm.
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