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Abstract— In the resolution of redundancy in systems, by far
the most popular approach involves optimization with respect
to the 2-norm, due to it’s ease of use, uniqueness, and continuity
of resolution. Due to the 2-norm’s inability to consider input
bounds, however, such methods fail to exploit systems’ full
feasible output range. The Cascaded Generalized Inverse (CGI)
was introduced to extend the realizable output range of the
pseudo-inverse, but in doing so, introduces discontinuity in
the resolution scheme. This paper analyzes the effects of such
discontinuity on the dynamic performance of one popular
redundant application: kinematically redundant manipulators.
Joint flexibility is simulated and it is shown that discontinuity
arising in CGI imparts joint velocity error and oscillation in
the system dynamics. The Continuous Cascaded Generalized
Inverse (cCGI), which we previously proposed, is a variation of
CGI which guarantees continuity in resolution. cCGI was also
simulated successfully extending the resolution range of the
pseudo-inverse, but without the same dynamic consequences
seen in CGI resolution.

I. I NTRODUCTION
A system is said to be redundant when the number
of inputs available, n, exceeds the degrees of freedom of
the desired output, m. Such redundancy is valued for its
ability to add dexterity and robustness, but its implementation
necessarily complicates the system’s control structure.
The problem of redundancy is considered as follows: The
matrix B ∈ ℜmxn translates actuation values u ∈ ℜn to task
space values v ∈ ℜm as follows:
v = Bu

(1)

If the system is redundant (n > m), there exists an infinite
number of potential solutions for u, through utilization of the
null space of B. This allows for the benefit of realization of
subtasks not directly related to the input-output relationship
of the main system. As a result of this greater allotted
freedom, redundancy also complicates the translation of a
desired output to the input space.
Many methods have been introduced to resolve this problem, but the vast majority of implementations make use of
the Moore-Penrose pseudo-inverse, which optimizes the 2norm of the resolved inputs [1]. Pseudo-inverse resolution
is highly valued due to its closed-form, easily generalized
structure, uniqueness, and continuity in resolution.
However, a significant drawback exists in utilization of
pseudo-inverse resolution, in its failure to exploit a system’s
full output range — a 2-norm optimal solution does not
necessarily fall within inputs’ physical limits.

Various other resolution methods have been developed to
overcome this difficulty, including optimization using the
infinity-norm [2], [3] and neural-network-based methods [4],
[5]. However, the pseudo-inverse’s generality and ease of
implementation have led most system designers to continue
to utilize it over such alternatives.
The Cascaded Generalized Inverse (CGI) was introduced
to extend the feasible output range of the pseudo-inverse by
iteratively reallocating excess input contributions to underutilized inputs. CGI has been applied in research to many
problems, including aircraft control applications [6], [7],
VTOL control [8], ship berthing [9], and ship positioning
systems [10].
In [11] we demonstrated that despite successfully extending the 2-norm, CGI resolution loses one of the main
benefits of 2-norm resolution — continuity. It was also
shown that through a restriction on the resolution domain,
continuity can be assured in CGI resolution. This domain
restriction comprises the Continuous Cascaded Generalized
Inverse (cCGI). In [11], the issue of discontinuity in CGI
and its mitigation through cCGI were introduced in general
terms. In this work, we demonstrate the practical advantage
of cCGI resolution with respect to CGI and 2-norm, through
consideration of a potential application.
Chosen for its accessibility, the considered application
is the kinematically redundant manipulator. Kinematically
redundant manipulators are manipulators which have more
joint degrees of freedom than the task space. The freedom
allowed by kinematic redundancy allows for such behaviors
as obstacle [12] and singularity avoidance [13].
When modeling the dynamics of such manipulators, one
typically assumes the joints to have infinite stiffness. While
this assumption may radically simplify system modeling,
such unmodeled terms have the potential to cause unexpected
and harmful behavior in the dynamic performance of the manipulator. It will be shown that the discontinuity introduced
by CGI resolution combined with the unideal property of
finite joint stiffness will lead to undesired joint oscillation
and joint velocity error, and the merits of cCGI resolution in
extending 2-norm resolution without the downsides of such
discontinuity will be explored.

II. E XTENDING THE R ESOLUTION R ANGE OF 2- NORM
A. Pseudo-Inverse Resolution
In resolution of redundant systems, by far the most popular
method involves application of the Moore-Penrose pseudoinverse which resolves (1) while optimizing the 2-norm of
the resultant vector, or
q
(2)
min( u21 + u22 + ... + u2n )
where ui is the i’th element of the input vector, u .
Pseudo-inverse resolution defines the resolved input as
u = B †v

(3)

where if B is full row rank, the pseudo-inverse, B † , of B is
defined as follows:
BBT )−1
B † := B T (BB

(4)

Pseudo-inverse resolution is popularly utilized due to its
ease of implementation (closed-form solution for general
systems), uniqueness, and continuity of resolution. However,
2-norm resolution fails to make use of a system’s full
attainable output space. A 2-norm optimal resolution does
not necessarily fall within physical input constraints, leading
2-norm to frequently yield unfeasible resolutions despite
feasible alternatives.
Applications in which the lost output space of 2-norm are
a serious factor typically make use of methods to extend the
resolvable range of the pseudo-inverse, rather than switching
resolution schemes entirely.
B. The Redistributed Pseudo-Inverse
A simple attempt at extending the resolution range of 2norm is the Redistributed Pseudo-Inverse [14]. This method
is a two-step approach which can be described as follows:
1) Find the pseudo-inverse resolution of the system. If
all resolved inputs lie within their output bounds, the
process ends.
2) If any resolved inputs lie outside their output bounds,
the corresponding inputs are truncated to the respective
maximums or minimums.
The new system created, corresponding to the unmaximized inputs and the desired output minus the
contributions of the maximized inputs, is then resolved
using the pseudo-inverse.
As the Redistributed Pseudo-Inverse re-resolves inputs
using 2-norm, however, the full output space of the reresolved inputs will not be fully exploited.
C. The Cascaded Generalized Inverse (CGI)
The 2-step process of the Redistributed Pseudo-Inverse
is readily generalized into the potentially (n − m + 1)-step
process of the Cascaded Generalized Inverse (CGI) [15].
Similar to the Redistributed Pseudo-Inverse, CGI computes
the 2-norm resolution of the system, truncates saturated
inputs, and re-resolves remaining inputs through pseudoinverse resolution. CGI however, repeats the process if reresolved inputs saturate until either a realizable solution

occurs or all inputs saturate. CGI represents the largest
extension of 2-norm resolution.
D. The Continuous Cascaded Generalized Inverse (cCGI)
In [11] we demonstrated that utilization of CGI, and
by proxy the Redistributed Pseudo-Inverse, introduces the
risk of discontinuity in resolution. A domain restriction was
imposed, comprising the Continuous Cascaded Generalized
Inverse (cCGI) that states that only one variable may be
permitted to saturate per pseudo-inverse iteration. Resolution
using Continuous CGI comprises the greatest extension of
pseudo-inverse resolution which ensures continuity.
Although most easily applied recursively, as introduced, a
closed-form representation for cCGI was developed in [11]
as follows:
Define B i as the i’th column of B and B 0i1 .i2 ...iz as the matrix
B with the i1 , i2 , ... , and iz ’th column removed. Likewise
define ui as the i’th element of u , and u 0i1 .i2 ...iz as the vector
u with the i1 , i2 , ... , and iz ’th element removed.
Parentheticals are used following input values to denote
the resolution of the inputs in the corresponding case. For
example, u3 (1(a)) and u 03 (1(a)) refer respectively to the
values of the third element of u and the vector u with the
third element removed attained in the case 1(a). If inputs are
referred to without parentheticals, it will refer to the value
attained from the currently discussed case.

Case 0 :
u = B †v

(5)

Case i1 (a) :
ui1 = umax
i1

(6)

u 0i1

(7)

B0i1 )† (vv −B
Bi1 umax
= (B
i1 )

Case i1 (b)
ui1 = −umax
i1

(8)

u 0i1

(9)

B0i1 )† (vv +B
Bi1 umax
= (B
i1 )

Case i1 (x1 ).i2 (x2 )...iz−1 (xz−1 ).iz (a) :
(
umax
if x1 = a
i1
ui1 =
max
−ui1
if x1 = b
..
.
(
umax
if xz−1 = a
iz−1
uiz−1 =
max
−uiz−1 if xz−1 = b
uiz = umax
iz

(10)

(11)
(12)

z

B0i1 ...iz )† (vv − ∑ B iγ uiγ )
u 0i1 ...iz = (B
γ=1

(13)
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Fig. 1. 4-link planar manipulator used for demonstration of discontinuity
in CGI Resolution
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Case i1 (x1 ).i2 (x2 )...iz−1 (xz−1 ).iz (b) :
(
umax
if x1 = a
i1
ui1 =
max
−ui1
if x1 = b
..
.
(
umax
if xz−1 = a
iz−1
uiz−1 =
−umax
if xz−1 = b
iz−1

(14)

forming a variant of (1. The Jacobian matrix, J , relates joint
velocities, q̇q, to end-effector velocity, v eff as follows:
(15)

uiz = −umax
iz
u 0i1 ...iz

B0i1 ...iz )† (vv −
= (B

(16)
z

∑ B iγ uiγ )

(17)

γ=1

and define
case 0 := |ui (0)| ≤ umax
, ∀ i ∈ [1, n]
i

(18)

case i(a) := ui (0) > umax
, |u j (0)| ≤ umax
i
j , ∀ j 6= i

(19)

case i(b) := ui (0) < −umax
, |u j (0)| ≤ umax
i
j , ∀ j 6= i

(20)

Case i1 (x1 ).i2 (x2 )...iz−1 (xz−1 ).iz (a) :=
(Case i1 (x1 ).i2 (x2 )...iz−1 (xz−1 )),
(uiz (i1 (x1 ).i2 (x2 )...iz−1 (xz−1 )) > umax
iz ),

(21)

and (|ui j (i1 (x1 ).i2 (x2 )...iz−1 (xz−1 ))| ≤ umax
i j , ∀ j 6= z)
Case i1 (x1 ).i2 (x2 )...iz−1 (xz−1 ).iz (b) :=
(Case i1 (x1 ).i2 (x2 )...iz−1 (xz−1 )),
(uiz (i1 (x1 ).i2 (x2 )...iz−1 (xz−1 )) < −umax
iz ),
and

(|ui j (i1 (x1 ).i2 (x2 )...iz−1 (xz−1 ))| ≤ umax
ij ,∀ j

Fig. 2. Static resolution of kinematic redundancy using CGI. CGI continues
resolution by discontinuously reassigning velocity amongst q2 , q3 , and q4 .

(22)
6= z)

III. C ASCADED G ENERALIZED I NVERSE AND
D ISCONTINUITY
The problem of discontinuity in CGI resolution can be
considered through the following problem. Consider the fourlink, kinematically redundant manipulator with 1 m links, in
Fig. 1.
The simplest way to formulate this problem of kinematicredundancy is through consideration of system velocities,

v eff = J q̇q
where
[JJ ](i, j) =

δ [xxeff ]i
δqq j

(23)
(24)

and x eff ∈ ℜm is the vector of end-effector position coordinates.
In this case, there are four joint values to actuate the arm
in 2-d space, so there are 2 degrees of redundancy which
must be resolved.
To simulate the statics of this arm, the arm is placed
π π π π
in the position q = [ 32
, 6 , 6 , 6 ] (rad) and is tasked with
increasing end-effector velocity in the direction θ = 0.
Joints closer to the base experience higher arm inertia,
and therefore would naturally have lower limited velocity
than higher joints, so maximum joint velocities are set as
q̇qmax = [1, 2, 10, 10] (rad/sec).
Figure 2 illustrates the results of static resolution of
the arm using CGI and unconstrained 2-norm resolution.
Both 2-norm and CGI resolve the system equivalently until
kvk ≈ 7.5 (m/sec), at which point 2-norm resolution begins to
demand unrealizable joint velocity from q1 . CGI, on the other
hand, is able to continue resolving the system by re-tasking
to other joints. It is seen, however, that when q̇2 saturates
in the first level 2-norm resolution, at kvk ≈ 11 (m/sec),
CGI continues to resolve the system by discontinuously
reassigning velocity amongst q̇2 , q̇3 , and q̇4 .
When cCGI is utilized to resolve this system, resolution
follows CGI resolution precisely until the saturation of q̇2
in the first level (which causes the discontinuity in CGI
resolution). At this point Continuous CGI stops resolution,
effectively avoiding the discontinuity seen in CGI.
Such discontinuity (and its elimination) can have profound
impact when controlling physical systems. In this paper, we

endeavor to show the effects of such discontinuity affecting
the dynamics of kinematically-redundant manipulators with
flexible joints.
IV. DYNAMIC A NALYSIS S ETUP
In this section the motivation and theory behind the
simulations to follow will be discussed.
In Sec. III the problem of discontinuity in CGI was
introduced. In the following simulations, the physical impact
of this discontinuity will be explored through analysis of
the dynamic performance of such an arm, implemented
using 2-norm, CGI, and cCGI resolution. Although typically
neglected in dynamic compensation (as it will be in the
following simulation), joint flexibility will be included in
the arm dynamic model.
First let us consider how to model such finite joint
stiffness. Robotic manipulators with infinite joint stiffness
can be dynamically modeled as

Fig. 3.
Block diagram describing open loop control of kinematically
redundant planar arm

v

max1

T= 1/(vmax)
0.8

(25)

where M ∈ ℜnxn is the manipulator inertia matrix, M j ∈ ℜnxn
is the diagonal motor inertia matrix, C ∈ ℜnx1 is the vector of
Coriolis and centrifugal force terms, g ∈ ℜnx1 is the vector of
gravity terms, and τ ∈ ℜnx1 is the applied joint torque [16].
Finite joint stiffness implies a level of freedom between
the joint coordinates, q ∈ ℜnx1 , and the motor coordinates,
θ ∈ ℜnx1 . The dynamics of such a manipulator are formed
by the simultaneous solution of two condition equations,
describing the motor’s motion and the link’s motion (and
their interaction), as follows:
C (qq, q̇q) +gg(qq) + D(q̇q − θ̇θ ) + K(qq −θθ ) = 0
M (qq)q̈q +C

(26)

M jθ̈θ + D(θ̇θ − q̇q) + K(θθ −qq) = τ

(27)

where K ∈ ℜnxn and D ∈ ℜnxn are the diagonal matrices of
joint stiffness and joint damping terms, respectively.
To simulate the effect of discontinuity in flexible joint
manipulators, a 4-link kinematically redundant manipulator
was chosen, similar to the one utilized in Sec. III, but with
considered finite joint stiffness. For ease of understanding,
the manipulator was selected as having 1 kg, 1 m links and
link inertia values perpendicular to the direction of rotation,
Izi , were all set at unit value. Maximum joint velocities
were set as q̇qmax = [0.5, 0.7, 5.0, 5.0] (rad/sec). Joint stiffness
values are chosen as K = 100000II 4 (N/rad), which is chosen
as approximately 1 order of magnitude above common high
stiffness threshold of variable series elastic motors (motors
with intended compliance). Joint damping should be considered nonzero, but much less than joint stiffness, so values of
10II 4 (N·s/rad) were chosen. The manipulator is assumed to
be planar, so gravity terms can be neglected.
A normal implementation would make use of position
and velocity feedback in order to correct for the drift
occuring from velocity-space resolution. However, in order
to effectively isolate the effect of discontinuity on the arm’s
dynamic performance and to allow for accurate numerical
comparison between cases, open loop control of the arm will

Velocity (m/s)

M +M
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Fig. 4. Velocity profile used in demonstrating effects of discontinuity. The
arm is commanded to travel 1 m with a given maximum velocity.

be utilized. In the region of interest (when oscillation occurs),
the physical effect of a controller can still be equivalently
felt as a result of the system damping simulated. A block
diagram of the utilized open-loop control scheme can be
found in Fig. 3. The control structure makes the assumption
of infinite stiffness, i.e. that the system block dynamics can
be described by (25). In reality however, the system dynamics
are described by the equations for finite stiffness found in
(26-27). This allows for observation of the unexpected results
of finite stiffness while using a standard compensation model
which neglects these terms.
In the dynamic analysis we neglect friction, as the effect
is equivalent to damping in the region of interest. Backlash
is neglected as both motors and gears without backlash exist.
Time delay is neglected as open loop control is utilized and
the physical system is time-invariant.
The described arm is commanded from rest at an initial
position q = θ = [0, π4 , π4 , π3 ] (rad) to move with a straightline end-effector trajectory 1 m in the direction φ = π4 (rad)
with a velocity trajectory as described in Fig. 4. The system
1
updates with a frequency of ∆T
= 10 kHz, and τ for the
differential calculation is selected as 10 ms.
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Figure 5 is intended as a comparison case and simulates
the trajectory with vmax sufficiently low, such that the entire
trajectory is realizable using only 2-norm resolution. The
maximum velocity is chosen as vmax = 2.5 (m/sec), which
is very near to the failure region of 2-norm. The actual
arm trajectory is seen to follow the resolved trajectory
nearly precisely. Very small oscillation is observed whenever
discontinuous torque is applied, but oscillation magnitude is
negligible and quickly suppressed by system damping.
Figure 6 illustrates an example trajectory realizable only
with CGI resolution (2-norm yields unrealizable results, and
the CGI resultant violates the conditions of cCGI resolution). Simulation is conducted with a maximum velocity
of vmax = 5 (m/sec). At t ≈ 0.085 s, a discrepancy occurs
between the saturated value of q̇2 in the 2-norm resolution
and the re-optimization against saturated q̇1 . This causes
CGI to discontinuously redistribute velocity contributions
amongst q̇2 , q̇3 , and q̇4 . A discontinuous velocity trajectory
yields very high acceleration and jerk values, leading to
large oscillation and tracking error. As the arm decelerates,
the opposite happens as the 2-norm resolution desaturates,
causing another large jerk, exacerbating the oscillation.
Figure 7 illustrates the simulation repeated within the
resolvable range of Continuous CGI resolution. Maximum
velocity, vmax is set as 4.2 (m/sec). As the velocity profile lies
within the resolvable region of cCGI resolution, the corresponding resolved joint velocity trajectories are continuous,
implying well bounded acceleration and jerk values. As a
result, the cCGI example traces the same path as the CGI
example with only a 19 percent increase in time (still a large
improvement over 2-norm), while eliminating nearly all of
the experienced oscillation.
Figure 8 illustrates the maximum velocity error observed
with CGI resolution for the given maximum velocity, or
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Fig. 6. Joint velocities of trajectory realizable only with CGI resolution.
Discontinuously resolved velocities generate velocity oscillation and error.
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Fig. 7. Joint velocities of trajectory unrealizable with 2-norm, but realizable
with Continuous CGI resolution. Resolution is guaranteed continuous, so the
large oscillation observed in standard CGI resolution is not observed.

max(|q̇i (t) − q̇res
i (t)|)

(28)

where q̇res
i is the resolved solution for q̇i .
The CGI resolution remains equivalent to both the cCGI
and pseudo-inverse resolution until the pseudo-inverse fails
to produce realizable joint velocities at vmax ≈ 2.5 (m/sec).
Beyond this, the CGI resolution remains equivalent to cCGI
resolution until vmax ≈ 4.3 (m/sec) at which point two inputs saturate in one pseudo-inverse iteration, violating the
assumption made in cCGI resolution. After this, only CGI
realizes the desired trajectory, which as we saw before is
accomplished by discontinuously changing joint tasks.
It can be seen that the maximum error remains low and
increases at a fairly constant rate throughout the entire
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3) cCGI was able to increase maximum velocity significantly (≈ 70% over 2-norm) without the possibility of
discontinuity (and the negative effects caused by it).
Although in general systems, the choice between cCGI
and CGI resolution will be highly dependent on the considered system and performance requirements (weighing the
dynamic effects of CGI against its larger output space), we
have demonstrated that so long as computational power is
not a significant concern, there is no reason not to use cCGI
resolution over 2-norm. cCGI offers a larger realizable output
range without any of the risks of CGI resolution.
Future works include experimental verification of simulation results.
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