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Abstract—Variable Stiffness Actuators (VSA) allow for simultaneous position and stiffness control of a joint by the use of two
actuators, therefore they are used in the design of intrinsically
compliant manipulators. Generally, for a manipulator with n
joints n VSAs are used, resulting in 2n actuators. In this work,
we propose the design of a two-link intrinsically compliant
manipulator using only three actuators (instead than four): one
Series Elastic Actuator (SEA) in a mono-articular configuration,
and a VSA based on two antagonistic actuators in biarticular
(actuators producing simultaneous torque about both joints)
configuration. The proposed actuation structure reduces the
amount of actuators, while increasing the isotropy of the end
effector force (in all the workspace), and end effector stiffness
isotropy when the arm extends. Therefore the proposed structure
based on monoarticular SEA and biarticular VSA is suitable for
light and compliant manipulation, as for example robotic hands,
arms and legs.

I.

I NTRODUCTION

In human-robot interaction, as well for robots operating
in presence of humans, passive compliance is fundamental to
guarantee safety [1]. A widely known approach to achieve
passive compliance is through the use of elastic elements
between the actuator and the joint, namely Series Elastic
Actuators (SEAs) [2]. A limit of SEAs is that the compliance
can not be varied without the use of feedback control as
it depends on the mechanical characteristic of the elastic
elements, which is constant [3]. In order to overcome the
bandwidth limitations of feedback control, while at the same
time allowing for passive compliance regulation, Variable
Stiffness Actuators (VSAs) are rising interest. VSAs allow for
simultaneous position and stiffness control of a joint by the
use of two actuators, therefore they are used in the design
of intrinsically compliant manipulators [4]. Generally, for a
manipulator with n links n VSAs are used, resulting in 2n
actuators [5], [6], [7], [8], [9], [10], [11], [12], [13].

[20]. Biarticular actuators transfer mechanical energy from
proximal to distal joints [21]. A number of robots have been
realized using biarticular actuators, by means of pneumatic
actuators [22], and motors with transmissions systems based
on pulleys [23], planetary gears [24], wires [25], and passive
springs [26]. In [12] a robot finger with VSAs and biarticular
actuation structure is proposed. However, is is designed using
two VSAs, therefore four actuators.
In order to reduce the number of actuators and the design
complexity of intrinsically compliant manipulators, an actuation structure combining SEA in monoarticular configuration
and VSA in biarticular configuration is proposed for a twolink intrinsically compliant manipulator. A comparison with
the conventional structure using four actuators is carried on.
In Section II, the proposed actuation structure is described
together with the modeling. In Section III, the analysis method
used to compare the resulting end effector force and stiffness
of the proposed and the conventional actuation structure is
illustrated. The results are shown in Section IV, and discussed
in Section V. Finally, the advantages of the proposed actuation
structure are summarized in Section VI.
II.

P ROPOSED STRUCTURE WITH REDUCED ACTUATOR
REDUNDANCY

A. Structure
In Fig. 1 the conventional and proposed actuation structures
for a two-link intrinsically compliant robot arm are shown.
As a representative example of an intrinsically compliant
manipulator actuated by VSAs, a two-link planar manipulator
with two VSAs is shown in Fig. 1(a): consists of four monoarticular (4m) actuators, arranged in antagonistic configuration
and in series to non-linear spring.

In order to overcome many limitation of conventional actuation structure, biarticular actuators have been proposed due
to the numerous advantages they yield. Biarticular actuators
dramatically increase the range of end effector impedance
which can be achieved without feedback [14], increasing the
capability of path tracking and disturbance rejection [15], [16],
allowing for precise output force control [17], and improving
balance control for legged robots without force sensors [18].

The proposed structure (1m2b in Fig. 1(b)), consists of
three actuators: one Series Elastic Actuator (SEA) coupled to
joint 1 by two linear springs in monoarticular configuration
(1m), and a VSA made of two biarticular actuators (2b)
producing torque about both joints by means of two non-linear
springs connected to two free pulleys about joint 1 and to two
pulleys rotating about joint 2 and fixed on link 2.

Maximum output force at the end effector results in a
higher isotropy when biarticular actuators are present [19],

B. Modeling
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Given the reference system in Fig. 1(a), the spring displacements between joints and respective actuator for the 4m
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Fig. 1.
Two-link intrinsically compliant manipulators: conventional and
proposed structures


Ktm = 

∆lφ 1 = φ1 rm − r1 θ1
∆lε 1 = ε1 rm + r1 θ1
∆lφ 2 = φ2 rm − r2 θ2
∆lε 2 = ε2 rm + r2 θ2

(1)
(2)
(3)
(4)

(12)

For the 1m2b structure, given the reference system in
Fig. 1(b), the spring displacements between joints and respective actuator are:
∆lα = α1 rm − r1 θ1
∆lφ 12 = φ12 rm − r12 θ1 − r2 θ2
∆lε 12 = ε12 rm + r12 θ1 + r2 θ2

structure are:

(11)

(13)
(14)
(15)

where α1 is the angle displacement of the monoarticular
actuator (which can be positive or negative), φ1 2 and ε12 are
respectively the flexor and extensor biarticular actuator angle
displacements in radiant, r12 is the radius of the free pulley
about joint 1.
The forces produced by the springs are:

where φ i and ε i are respectively the flexor and extensor monoarticular actuator angle displacements in radiant,
θ = [θ1 , θ2 ]T is the joint angle position, rm is the radius of
the motor pulleys, and r1 and r2 are the radii of pulleys at
joint 1 and 2, respectively.
The force-displacement characteristic of the springs is of
quadratic form, therefore the resulting forces f(φ i,ε i) are:
fφ 1 =k2 ∆lφ2 1 + k1 ∆lφ 1 + k0

(5)

fε 1 =k2 ∆lε21 + k1 ∆lε 1 + k0

(6)

fφ 2 =k2 ∆lφ2 2 + k1 ∆lφ 2 + k0

(7)

fε 2 =k2 ∆lε22 + k1 ∆lε 2 + k0

(8)

fα =k3 ∆lα
fφ 12 =k2 ∆lφ2 12 + k1 ∆lφ 12 + k0
fε 12 =k2 ∆lε212 + k1 ∆lε 12 + k0

(16)
(17)
(18)

where k3 is the resultant stiffness coefficient of the two linear
springs between the monoarticular motor and joint 1. The force
fα can be positive or negative as the springs are considered to
operate without any lack.
The resulting joint

T 1m2b =

=

torque (T 1m2b ) is:

 
τ α + τβ 1
T11m2b
=
=
τβ 2
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r1 fα + r12 ( fφ 12 − fε 12 )
r2 ( fφ 12 − fε 12 )
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TABLE I.

PARAMETERS VALUES

L1 = L2
Pulleys radii rm = r1 = r2 = r12
k0 , k1 , k3
k2
max
)
All motors maximum torque (τmotor
Minimum co-contraction force

III.

1 (m)
0.1 (m)
2, −200, 500 (N/m)
105 (N2 /m2 )
10 (Nm)
5 (N)

The 4m and 1m2b structures are compared in terms of both
end effector force and stiffness. As for the end effector force
the vector of maximum output force, F max , in condition of
minimum stiffness is calculated using an iterative algorithms
as in [20]. Then, the force in the maximum output force space
with minimum magnitude F Smin equal to

T11m2b =(−2k2 (φ12 + ε12 )r12 r2 rm − 2k1 r12 r2 )θ2 +

(20)

2
2
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2
2
2
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(21)

where τα is the torque resulting at joint 1 produced by the
monoarticular actuator 1, τβ i is the torque resulting at joint i
produced by the biarticular actuators.
The resultant joint stiffness matrix is:
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where θ f is the end effector output force direction, is calculated, and its magnitude (|F Smin|) is evaluated as measure
of the isotropy of the maximum output force.
The end effector stiffness isotropy is compared using the
condition number (cn) of minimum and maximum Cartesian
stiffness defined as [27]:
(4m,1m2b)

(4m,1m2b)
cn(minsti,maxsti)

=

max(λ (K(minsti,maxsti) ))
(4m,1m2b)

min(λ (K(minsti,maxsti) ))

(30)

where λ (K) are the eigenvalues of K.

(23)

The minimum (or maximum) Cartesian stiffness is calculate when the end effector force is null and the antagonistic
actuators co-contraction force is minimum 5 N (or maximum
100 N).

(24)
(25)
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A NALYSIS METHOD




(27)

The stiffness matrix in Cartesian coordinates, K (4m,1m2b) ,
−1 (4m,1m2b)
K (4m,1m2b) = J T
Kj
(J )−1
(28)

where J is the robot arm analytical Jacobian matrix:


−L1 sin(θ1 ) − L2 sin(θ1 + θ2 ) −L2 sin(θ1 + θ2 )
J=
L2 cos(θ1 + θ2 )
L1 cos(θ1 ) + L2 cos(θ1 + θ2 )
(29)
The parameters of the two-link arm and the two actuation
structures are shown in Tab. I. The parameters for the quadratic
springs have been chosen as an approximation of the values of
the quadratic springs used in [6]. As for the linear springs, a
value of the same order of magnitude of the linear coefficient
of the quadratic springs (k1 ) available on the market has been
chosen. Every pulley radii, as well every maximum motor
torque, have been chosen with same value, therefore all the
maximum joint actuator torques in which a non-linear spring is
present is same (τ(max
µ 1,µ 2,β 1,β 2) = 9.5 Nm) due to the minimum
co-contraction force set to 5 N, while the monoarticular
actuator with linear springs (SEA) has ταmax = 10 Nm.

IV.

R ESULTS

A. End effector force
In Fig. 2 the resulting maximum output force for both structures and two arm configurations: extended arm, θ = [0, 30◦ ]T ,
and bended arm θ = [0, 150◦ ]T . The value of F Smin for both
structure is also represented by arrows.
The magnitude of F Smin (|F Smin|) in respect to θ2 is
shown in Fig. 3. Due to the presence of biarticular actuators,
|F Smin| for the 1m2b structure is greater (or equal) to the
|F Smin| of 4m structure. As a result the maximum end
effector force presents a higher isotropy. In addition, sue to the
fact that L1 = L2 = L, |F Smin| is constant in all the work
space (as long as the arm in not in singular configuration) and
equal to 9.5 N as shown in Appendix A.
B. End effector stiffness
In Fig. 4 the resulting minimum and maximum stiffness
Cartesian stiffness for both the actuation structure are shown
for two arm configurations: extended arm, θ = [0, 30◦ ]T , and
bended arm θ = [0, 150◦ ]T .
In order to compare the stiffness isotropy, the condition
numbers of Cartesian stiffness for both actuation structure
is shown in Fig. 5 (miniumum stiffness in Fig. 5(a), and
maximum stiffness in Fig. 5(b)).
V.

D ISCUSSION

On the basis of the design and carried on analysis, it is
deduced that by using the proposed actuation structure:
•

The number of actuators is reduced from four to
three. In addition, the number of necessary non-linear
springs is reduced from four to two.
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179)◦ ]T

•

The equilibrium position and the end effector stiffness
can be independently controlled.

•

The equilibrium position and the stiffness of each joint
can not be independently controlled.

•

The isotropy of the maximum end effector force is
higher (or equal) in all the work space. In addition, the
minimum force at the end effector is independent from
manipulator configuration (as long it is not singular).
As a consequence, the actuation system design of
robot arms is furthermore simplified.

•

Both minimum and maximum Cartesian stiffness
presents a lower isotropy when the arm is bended,
while a higher isotropy when the arm is extended.

In Tab. II the general comparison between the 4m and 1m2b
actuation structure is summarized.
The analysis carried on in this work is based on VSAs
in antagonistic configuration, i.e. actuators characterized by
two actuators in antagonistic configuration coupled with the
arm link through non-linear spring. If VSAs with serial configuration (i.e. series combination of actuator, elastic element
and joint, with a second actuator varying the joint stiffness by
changing the preload on the elastic elements), in the proposed
structure the VSA would be in biarticular configuration, and
the SEA in monoarticular configuration.
VI.

C ONCLUSIONS

In this work, we propose a new actuation structure combining Series Elastic Actuators in monoarticular configuration and
Variable Stiffness Actuators in biarticular configuration. The
proposed structure has the advantage of reducing the number of
actuators (from four to three), allowing however simultaneous
control of position and stiffness at the end effector.
The end effector maximum force present a higher isotropy
thanks to the biarticular actuation structure. The end effector

TABLE II.

G ENERAL COMPARISON BETWEEN THE 4m AND 1m2b ACTUATION STRUCTURE

Condition number of min stiffness

Number of actuators
Independent position-stiffness control of every joint
Independent position-stiffness control of end effector
Maximum force isotropy
Minimum end effector stiffness isotropy
Maximum end effector stiffness isotropy

1m2b
4m

200

possible
lower
higher
higher when arm bended
higher when arm stretched
higher when arm bended
higher when arm stretched

Therefore, the proposed structure is suitable for intrinsically compliant manipulators requiring low weight and operating in presence of humans, as for example robotic fingers,
arms and legs.
Future works include the experimental validation of the
proposed design, as well the analysis to robot arm with more
than two links.
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Given the fact that θ1 merely rotates the maximum output
force space, in the following θ1 = 0. Given θ1 = 0, and
L1 = L2 = L, the analytical Jacobian J0 is:


−Lsin(θ2 )
−Lsin(θ2 )
(31)
J0 =
L + Lcos(θ2 ) Lcos(θ2 )
The magnitude of the force at the end effector |F | is:
q
|F | = Fx2 + Fy2 =
q
τα2 − 2cos(θ2 )τα τβ + τβ2
=
L|sinθ2 |

(32)
(33)

where
F=



Fx
Fy



= J0T

−1

T 1m2b

(34)

and τα is the torque resulting at joint 1 produced by the
monoarticular actuator 1, τβ = τβ 1 = τβ 2 is the torque resulting
at joint i produced by the biarticular actuators.
The derivatives of |F | with respect to τα and τβ are:
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Fig. 5.
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4
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Condition numbers of Cartesian stiffness in respect to θ2

stiffness is more isotropic when the robot arm stretches. This
is an advantage as stretched position of the arm are more
challenging to control due to the increasing non linearities of

τα − τβ cos (θ2 )
δ |F |
q
=
δ τα
L |sin (θ2 )| τα 2 − 2 τβ cos (θ2 ) τα + τβ 2

(35)

cos (θ2 ) τα − τβ
δ |F |
q
=
δ τβ
L |sin (θ2 )| τα 2 − 2 τβ cos (θ2 ) τα + τβ 2

(36)

The points in which τα = τβ cos(θ2 ) and τβ = τα cos(θ2 ) are
minimum or maximum of the function |F |.
The Hessian matrix of |F | in respect to τα and τβ is:
H 1m2b =



1m2b
H11
1m2b
H21

1m2b
H12
1m2b
H22





=

δ 2 |F |
δ τα2
δ 2 |F |
δ τβ τα

δ 2 |F |
δ τα τβ
δ 2 |F |
δ τβ2




where
2

τβ (cos (θ2 ) − 1) (cos (θ2 ) + 1)

1m2b
=−
H11

L |sin (θ2 )| τα 2 − 2τα τβ cos (θ2 ) + τβ 2
τβ (cos (θ2 ) − 1) (cos (θ2 ) + 1) τα
1m2b
H12
=
3
L |sin (θ2 )| τα 2 − 2τα τβ cos (θ2 ) + τβ 2 2

3

1m2b
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H21
=H12
1m2b
=−
H22

(cos (θ2 ) − 1) (cos (θ2 ) + 1) τα

(37)

2

(38)
(39)

2

L |sin (θ2 )| τα 2 − 2τα τβ cos (θ2 ) + τβ 2

3

(40)

2

The determinant of H 1m2b is null. However, it is positive
semi-definite as its eigenvalues are all non-negative:


(1−cos(θ2 )2 )(τα 2 +τβ 2 )
3
λ (H 1m2b ) =  L |sin(θ2 )| (τα 2 −2τα τβ cos(θ2 )+τβ 2 ) 2 
0

As a consequence, τα = τβ cos(θ2 ) and τβ = τα cos(θ2 ) are two
minimum points of |F |.
|τ |

The value of |F | in these two points is Lβ and |τLα | ,
respectively. Such values do not depend on θ2 , as long as the
robot arm is not in a singular configuration.
Therefore, |F Smin| (the minimum value of |F max |) is:
max

|F Smin| = min(

10 9.5
ταmax τβ
,
) = min( ,
) = 9.5
L
L
1 1

(41)
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